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ABSTRACT
The most powerful astronomical sources of ultraviolet and X-ray radiation are accretion discs: around
white dwarfs, neutron stars, black holes, and more. Accretion discs are not steady flows but are
subject to numerous instabilities. Our goal is to make a general model of accretion disc instabilities
that can be used to understand observed transient phenomena. This model can cover all types of
accretion discs, from those in quasars around supermassive black holes, to the tiny discs around white
dwarfs/neutron stars. I started with accretion discs, assumed to be in equilibrium, geometrically thin,
optically thick, and non-self-gravitating. Up-to-date opacity tables and equations of state from OPAL
EOS 2005 were used to generate realistic models. Solutions show the thermal instability where density
has multiple values between which a time-dependent disc cycles. Next, convection was considered for
regions with high opacity, since in this region, transport of heat via convection dominates over radiation.
Some improvements in the numerical model can be made, such as running speed of the code, smooth
interpolation in data, and method of treating differential equations. Furthermore, complications such
as self-irradiation and time-dependence could be added, and then used for various applications.
Keywords: accretion, accretion disks — instabilities
1. INTRODUCTION

Accretion is frequently seen in many astrophysical
sources such as around a compact object in binary stars,
young stars, and the giant black hole in galactic nuclei.(Frank et al. 2002) Precisely modeling the process
of accretion can be used to explain already known or
observed phenomena, and also predict interesting new
astrophysical phenomena. Most astronomical sources
of ultraviolet and X-ray radiation are accretion discs:
around white dwarfs, neutron stars and black holes, both
stellar-mass and the supermassive black holes in galactic nuclei. Accretion discs are also not simple steady
flows but are subject to numerous instabilities. Disc
instabilities of the sort I will investigate have been proposed to explain the outbursts of cataclysmic variable
stars(Lasota 2001, 2016) and black hole and neutron star
X-ray transients(Kim et al. 1999; Dubus et al. 2001).
Hatziminaoglou et al. (2001) modeled the quasar luminosity function using this type of instability in the
accretion discs around supermassive black holes, and
proposed that quasar-like activity is a recurrent phenomenon, with outbursts lasting hundreds to millions
of years. Recently optical and ultraviolet outbursts
from galactic nuclei have been discovered. Though often
called tidal disruption events, they do not have many of

the characteristics expected of tidal disruption of stars
by black holes(Hung et al. 2017). They are also found
only in a very rare type of galaxy which is likely to
provide a weak steady accretion onto its central black
hole(Arcavi et al. 2014; French et al. 2016, 2017). One
possible application of this project is, therefore, to see
if these month-to-year long events can be explained instead by instabilities producing significant changes in
the accretion rate in weak accretion discs around supermassive black holes. Whether or not this specific
application succeeds, there will be many other possible
applications, including mergers of binary black holes recently discovered by LIGO, for which electromagnetic
counterparts are possible when these occur in accreting
triple systems.
The ultimate goal is to make a general model of the
structure of accretion discs under the influence of instabilities and use the model to explain astrophysical
events. A general model means that this should be able
to cover all types of accretion discs, for any choice of central object masses. The instabilities I have included in
the numerical model is thermal instability and convection. Thermal instability occurs when there is a rapid
opacity change, and therefore more than one equilibrium
states exist. Convection is turned on when the opacity
value is high enough to keep the heat inside and there-
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fore make a large temperature gradient. This enables
the heat transfer by convection much more efficient than
by radiation.
As a first step to achieve this goal, I began with a
simple accretion disc, which is assumed to be in equilibrium, in radiative equilibrium, optically thick, non-selfgravitating and time-independent. An accretion disc in
radiative equilibrium means that the heat is only transferred via radiation and not conduction. Also, the accretion disc was assumed to be geometrically thin, which
makes the set of equations describing the structure of
accretion discs even simpler by vertically integrating in
z-direction. This eliminates differentials in equations,
but instead the characteristic scale height H is adopted.
Three branches of solutions could be recognized, which
represents the thermal instability due to rapid opacity
change. Next, convective heat transfer is also considered. Since convection happens mostly in z-direction,
vertically integrated set of equations is not valid. Then,
the structure of accretion discs is described by nonlinear
coupled ordinary differential equations.
The numerical solution of accretion discs in radiative
equilibrium is described in § 2, the numerical solution of
accretion discs with convective heat transfer is explained
in § 3.
2. NUMERICAL MODELING 1:

TIME-INDEPENDENT ACCRETION DISC
IN RADIATIVE EQUILIBRIUM
WITH THERMAL INSTABILITY
2.1. Equations of State
In case of time-independent accretion discs in radiative equilibrium, thin disc approximation can be applied.
This approximation is reasonable in that accretion discs
are mostly formed in thin shapes. Applying this thin
disc approximation, the equations of state can be used in
their vertically integrated forms, which are Equations 18.(Frank et al. 2002)
Taking a look at each equation, in the equation that
describes the relationship between volume density and
surface density,
ρ = Σ/H,
(1)
ρ is the volume density of the disc, Σ is the surface
density of the disc, and H is the characteristic thickness. The equation that describes hydrostatic equilibrium, which is originally in the form of Equation 12,
turns into,
(2)
H = cs R3/2 /(GM )1/2 .
Here, R is the radial distance from the central object
within the disc, M is the mass of the central object, and
cs is the sound velocity, which is defined as the square

root of pressure divided by density,
c2s = P/ρ.

(3)

The total pressure is the summation of ideal gas pressure
and radiation pressure, which is described as,
P =

ρkTc
4σ 4
+
T .
µmp
3c c

(4)

Tc is the central temperature, µ is mean molecular
weight, and mp is the proton mass. Mean molecular
weight, µ is not a mere constant, but has to be obtained
by solving the Saha equation. In this part, this is obtained by writing a code that solves the Saha equation
for any combination of density and temperature. The
composition was limited for hydrogen and helium only
(Z = 0) since the mean molecular weight is not very sensitive to Z. Additional approximation in use was on the
partition function B(T ) ≈ 2 (i.e., all atoms are in the
ground state). I used the method of Weiss et al. (2004)
for solving the Saha equations. The equation stating
flux equilibrium is,
4σTc4
3GM Ṁ
=
.
3τ
8πR3

(5)

The left-hand side of the equation is the heat flux due to
radiation, and the right-hand side is the heat generated
due to friction in the accretion disc. τ is the optical
depth, Ṁ is the accretion rate. In the next equation
defining the optical depth,
τ = ΣκR (ρ, Tc ) = τ (Σ, ρ, Tc ),

(6)

κR is the Rosseland mean opacity. This is in use under
the assumption that the disc is optically thick. It is
noteworthy that the opacity is a function of density and
temperature, which means it is not trivial. Also, the
accretion rate Ṁ is defined as,
νΣ =

Ṁ
,
3π

(7)

where ν is the viscosity. Finally, the viscosity is defined
using the α-prescription shown as,
ν = ν(ρ, Tc , Σ, α, · · · ) = αcs H.

(8)

2.2. Opacity
In Equation 6, opacity κR appears, and it is also mentioned that this is not merely a constant but a function of density and temperature. Considering that the
thermal instability is due to the steep opacity gradient, using realistic opacity values would suit the purpose of modeling thermal instability. Although there
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log 10 (ρ/g · cm −3 )

exist simple power laws for separate domains of densitytemperature space (Hansen & Kawaler 1994; Novikov
& Thorne 1973), a somewhat accurate approach would
be to use an interpolated value from an existing opacity
table. As a first step, I used opacities reproduced from
a code and opacity data file which are updated versions
of Paczyński (1969). The contour plot of opacity κ as a
function of ρ and T is shown in Figure 1. The colored
region is the density-temperature space that is covered
by the data file used. A detailed explanation of each line
in Figure 1 is covered in Appendix A. The interpolation
method used is linear.
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Figure 1. Contour plot of the logarithm of opacity(κ) as a
function of density(ρ) and temperature(T ).

Next, I replaced the Paczyński (1969) opacities with
the modern OPAL(Iglesias & Rogers 1996) opacity tables and Ferguson et al. (2005) opacity tables. The range
of R = (ρ/g cm−3 )/(Tc /106 K)3 and Tc covered by the
OPAL data is, 3.75 ≤ log10 Tc /K ≤ 8.70 and −8.0 ≤
log10 R ≤ 1.0 each. Ferguson et al. (2005)’s opacity table covers the range of 2.70 ≤ log10 Tc /K ≤ 4.50 and
−8.0 ≤ log10 R ≤ 1.0. Below log10 R ≤ −8.0 however,
the opacity information is not provided in the tables.
Making use of the knowledge that opacity due to electron scattering dominates in this range, the opacity is
filled with, κ = κes = σT ne /ρ. (Weiss et al. 2004)
The OPAL opacities are used down to the temperature for which Ferguson et al. (2005) opacities are available, and below that temperature, Ferguson et al. (2005)
opacities are always used. For OPAL, Type 1 tables for
solar composition were used. The interpolation method
is linear.
The new opacity data were calculated using much
more sophisticated methods and includes much more
complete atomic and molecular physics. Furthermore,
the Paczyński (1969) opacities used previously only contained data for the composition of X = 0.7, Z = 0.03. On

(a)

(b)

Figure 2. (a) Combined OPAL and Ferguson et al. (2005)’s
opacity data for composition of X = 0.73, Y = 0.25, and Z
= 0.02; (b) Comparison of the values between previously
used Paczyński (1969) opacity data(old) and the combined
opacity data(new) of OPAL and Ferguson et al. (2005).

the other hand, both OPAL and Ferguson et al. (2005)
opacity tables are available for various X and Z values.
Opacity is very sensitive to changes in metallicity Z, so
the new tables will be essential to model different observed systems. For example, accretion discs in binary
stars in the globular cluster have Z = 0.0002 or less, and
AM CVn and ultra-compact X-ray binaries accrete gas
with X = 0. Thus, this availability of various composition is appropriate for the goal to make a general model
of accretion discs.
The new opacities also have wider temperature coverage. Paczyński (1969)’s opacity only covered the temperature range 3.3 ≤ log10 Tc /K ≤ 5.75. On the other
hand, the temperature range of the new opacity tables
is, overall, 2.70 ≤ log10 Tc /K ≤ 8.70. Since opacities for
low temperatures are needed for the accretion disc models, the new opacity data is more useful for this purpose.
A contour plot of the combined two opacity tables
for composition of X = 0.73, Z = 0.02 is shown in Figure 2(a). The comparison between the new opacities
and the old opacities are also shown in Figure 2(b). A
large opacity difference in the low-temperature region is
noticeable, due to Paczyński (1969)’s lack of temperature coverage in temperatures below log10 Tc /K ≤ 3.3.
2.3. Results
In order to solve a set of nonlinear Equations 1-8, as
a first step in § 2.3.1, solutions were found for the case
of fixed Ṁ , M and R values. Then only Ṁ was varied
in § 2.3.2, so to see how states such as density and temperature change as functions of Ṁ . Then, only radius R
was varied in § 2.3.3, while Ṁ , M are fixed, to see the
change of states as functions of R. Finally, the solutions
were tested for four different test examples in § 2.3.4.
The composition was fixed for each model, and α = 0.1
was fixed throughout all models.
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For a given Ṁ , M and R, then the effective temperature, Tef f is also fixed to one value. This is because
4
4
σTef
f = 4σTc /3τ , and from Equation 5 this is equiv4
alent to σTef f = 3GM Ṁ /8πR3 . On the other hand,
τ in left term of Equation 5, 4σTc4 /3τ , is a function of
central temperature Tc and density ρ. This is because in
Equation 6, τ is a product of surface density and opacity. As can be deduced from Equation 7, surface density
Σ = Σ(Tc ) is a function of central temperature Tc and
density ρ. Combining Equations 8, 2, 3, and 4,
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2500
0
2500
5000
7500
10000

0

2500 5000 7500 10000 12500 15000 17500 20000

Tc (K)

2

it can be shown that ν is a function of Tc and ρ; thus
Σ is a function of Tc and ρ. Also since κR is a function
of Tc and ρ, τ is also a function of Tc and ρ. In this
calculation, the opacities I reproduced earlier in § 2.2
were used. Finally, by using the relation 4σTc4 /3τ =
1/4
4
Tef f = Tc can be obtained. Then Tc
σTef
f , (3τ /4)
can be found by finding the zeros of the equation,
f (Tc ) = (3/4)1/4 Tef f (τ (Tc , ρ)1/4 − Tc = 0.

(9)

Therefore, if only ρ is known, the solution for Equation 9
can be obtained. However, it can be induced that density ρ and Tc are dependent variables, which means for
a given Tc , ρ is determined. From Equations 7, 8, 1,
and 2, the relationship can be represented as,
Ṁ
R3
= αc3s (Tc , ρ)
ρ.
3π
GM

Figure 3.
Plot of f (Tc ) for M = M , α = 0.1,
log10 (R/cm) = 10.5, and log10 (Ṁ /g) = 16.

(10)

Therefore, because ρ is a function of Tc , Equation 9 is
merely a function of Tc . Any Tc that satisfies Equation 9
will be an equilibrium solution of the accretion disc for
given Ṁ . Once the solutions for Tc are evaluated, corresponding ρ solutions also can be evaluated, which makes
evaluation of all other states of accretion discs (Σ, ν, H
and so on) possible.
An example of f (Tc ) is plotted in Figure 3. It can be
seen that for those values of M , Ṁ , and R used, there
exist 3 solutions of Tc .
The method used to find zeros of f (Tc ) is the bisection method. Values of f (Tc ) are calculated at
a 1-dimensional grid of Tc , and whenever neighboring grid points’ values showed different signs, Python’s
scipy.optimize.bisect function is used to find zeros
between those neighboring Tc values.
2.3.2. Model for Ṁ as a variable
Repeating this process each for different Ṁ (i.e., various Tef f ) the corresponding Tc solutions can be found.
The solutions are plotted in Figure 4, where the clear

(a)

(b)

Figure 4. S-curve generated by the thermal instability of
the accretion discs under conditions: M = M , α = 0.1,
log10 (R/cm) = 10.5. (a) x-axis is Ṁ and y-axis is ρ; (b)
x-axis is Ṁ and y-axis is Tc .

S-curve pattern is shown, generated by the thermal instability explained in § 1.
Note that for a range of Ṁ around 1015.8 g · s−1 , there
exist 3 equilibrium solutions, which for higher and lower
temperatures, there is only one, or in special cases, two
solution(s).
2.3.3. Model for R as a variable
Repeating this process for various values of R, while
keeping M and Ṁ fixed, the solution for volume density
ρ at each radius R can be obtained, as shown in Figure 5. The red dots are our numerical solution of the
equations. The red solid line and blue solid line each
correspond to the analytic solutions of the inner region
and middle region of the disc. These analytic solutions
are the approximate solutions of simplified versions of
the equations for each region from Novikov & Thorne
(1973).
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Figure 5. Numerical solution of time-independent accretion disc equations for M = M , log10 (Ṁ /g s-1 ) = 17,
and α = 0.1. The obtained numerical solution is compared
with Novikov & Thorne (1973)’s analytic solution of inner region(red solid line) where Prad > Pgas , κ = κes and middle
region(blue solid line) where Prad < Pgas , κ = κes .

2.3.4. Verify the Simulation with Four Test Models
I numerically computed the states of the accretion disc
as a function of radius R for several different types of
accreting objects. The composition for all test examples
were set to: hydrogen mass fraction X = 0.73, helium
mass fraction Y = 0.25, and metallicity Z = 1−X −Y =
0.02. The test examples are the following:
1. A typical cataclysmic variable: M = M , Ṁ =
1014 g s−1 , α = 0.01 (values chosen to reproduce
Figure 1 of Lasota et al. (1995))
2. A0620-00: M = 7M , Ṁ = 10−10 M s−1 = 6 ·
1015 g s−1 , α = 0.1 (McClintock et al. 1995; Marsh
et al. 1994; Narayan et al. 1996)
3. Cyg X-1: M = 15M , Ṁ = 3 · 10−9 M s−1 =
2 · 1017 g s−1 , α = 0.1 (Nayakshin & Dove 2001;
Chauvin et al. 2018)
4. A typical Seyfert galaxy: M = 106 M , Ṁ =
10−4 M s−1 = 6 · 1021 g s−1 , α = 0.1 (Menou &
Quataert 2001; Blaes 2007; Armitage 2004)
Numerical solutions for all four example models were
obtained, and the S-shaped curves representing the unstable region were all observed. Two out of the four test
models, the third one, Cyg X-1’s numerical solution, and
the fourth one, Seyfert galaxy’s numerical solution are
shown in the plots in Figure 6. Figure 6 also shows
the viscous timescale tvisc as a function of R, which is

(a)

(b)

(c)

(d)

Figure 6. (top row ) Solutions for Cyg X-1 test model(3):
(a) central temperature Tc as a function of radius R (b)
viscous timescale tvisc as a function of R; (bottom row ) Solutions for Seyfert galaxy test model(4): (c) Tc as a function
of R (d ) tvisc as a function of R.

calculated as, tvisc ≈ R2 /ν.(Frank et al. 2002) The multivalued disc densities and surface densities appear at
temperatures around 6000K, in the outer part of the
accretion disc.
3. NUMERICAL MODELING 2:
TIME-INDEPENDENT ACCRETION DISC
WITH CONVECTION

3.1. Equations of State
When the convection is also considered, it is no longer
reasonable to use vertically integrated simplified equations of state, Equations 1-8. Instead, we should solve a
nontrivial set of differential nonlinear equations, Equations 11-18.
Definition of surface density,
Z z
Σ=
ρ dz,
(11)
−z

corresponds to Equation 1. The equation that illustrates
hydrostatic equilibrium is,
∂P
GM
= −ρ 3 z.
∂z
R

(12)

Following Equations 13 and 14, defining isothermal
sound speed and pressure, are equivalent to Equations 3
and 4.
c2s = P/ρ
(13)
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3.2. Opacity

ρkT
4σ 4
P =
+
T
µmp
3c

(14)

The equation for heat flux F has two terms: transport
by radiation and transport by convection,
Z

z

Fz =
Fz =

0
F



3
α
2

GM
R3

rad

P dz =

16σT 4
∇r
3κρHp

if ∇r ≤ ∇ad =

rad ,

F

1/2

Ferguson’s and OPAL’s opacity tables were still used
in the same manner as Figure 2 in § 2. Linear interpolation was used, which is not the best way to treat convection since this will generate a discontinuity in derivatives
while solving differential equations.
3.3. Results

d ln T
d ln P ad .



(15)

+ Fconv , otherwise.

where,
16σT 4
∇med ,
3κρHp
1
lt
= cp ρT vt
(∇med − ∇cell )
2
Hp

When convection is treated, the z-direction should also
be considered as well as the radial direction. Convection is approximated to happen only in z-direction since
temperature gradient is approximately the steepest in zdirection. Therefore, I first fixed R and evaluated states
for different z positions.

Frad =
Fconv

as Cannizzo & Wheeler (1984) described. ∇med is the
temperature gradient of the medium, which describes
the state of the accretion disc. In previous Equation 5
in § 2, Fconv term didn’t appear, because the disc was
assumed to be purely radiative and the Frad term was
simplified to F ≈ (4σ/3τ )T 4 . However, in the region
where opacity is high, a considerable temperature gradient is required to carry the heat flux, and the accretion disc can become dynamically unstable to convection. Therefore, the latter term Fconv starts to dominate. The equation stating optical depth,
Z ∞
(16)
τ=
κρ dz,
z

is related to Equation 6. Equations 17 and 18 are equivalent to Equations 7 and 8.
νΣ =

Ṁ
3π

ν = ν(ρ, Tc , Σ, α, · · · ) =

αc2s

Figure 7. A schematic diagram of solution finding method
for accretion disc model with convection. z = 0 plane is the
plane where the massive central object is located in. Orange
rectangle is the accretion disc viewed from the side on z = 0
plane.

First, the initial guess is made on z = 0 mid-plane
about central density ρc and central temperature Tc .
Then, z value is stepped up each time by a value proportional to pressure scale height defined by Hameury
et al. (1998),

(17)
Hp =


R3
GM

1/2

(18)

Contrary to § 2, aside from µ, we also need thermodynamic derivatives such as ∇ad = (∂ ln T /∂ ln P )ad in
order to solve this set of equations. In addition, it is essential that the values are smoothly interpolated in order
to solve such differential equations. The data table used
for this purpose is EOS 2005 version that OPAL(Rogers
et al. 1996) provides. Also, I wrote a Python script that
makes use of the OPAL’s Fortran script to interpolate
between data in the table smoothly.

P
,
ρgz + (P ρ)1/2 ΩK

(19)

where ΩK is Kepler angular velocity. For our code, we
chose the step size to be 0.1Hp . A new pressure at a
new z value can be evaluated using Equation 12.
For every step in the z-direction, solving for ∇med in
Equation 15 will give information for new temperature,
since the pressure is already obtained. Hence, in order to
solve Equation 15, it should first be analyzed if the convection is active or not. ∇r is computed first, and it is
compared with ∇ad , which is provided by OPAL EOS. If
∇r ≤ ∇ad , which means the convection is not active due
to an insufficient temperature gradient, medium’s temperature gradient is merely ∇med = ∇r . On the other
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hand, if the temperature gradient is large enough to turn
on the convection ∇r > ∇ad , calculation of ∇med is not
as simple. Solving the equation is in principle equivalent
to solving a cubic equation. Detailed explanation about
this can be found in Paczyński (1969). In our solution
finding code, the mixing length lt is set to lt = aml Hp
where aml = 1.5, and we followed these settings from
Hameury et al. (1998).
If new temperature and new pressure are obtained,
evaluating new density is trivial via using Equation 14.
This routine is repeated for every z steps until it reaches
the photosphere of the accretion disc. The criterion for
determining if z reached the disc’s photosphere is by
comparing the effective temperature and T (z). Effective
temperature is calculated by assuming that z value has
reached the photosphere for every z steps, in equation,
"
Tef f (z) =

3/2αΩ

Rz
0

P dz

#1/4

σ

.

2
Ω2 z
.
3 κ(Tef f , ρ)

while pressure drops fast, for some relatively large initial
guesses, the temperature drops fast while pressure stays
nearly unchanged. This is not the realistic model of accretion discs. Hence, the initial guess of central density
should be adjusted carefully such that both temperature
and pressure drop with similar speed.
In our solution-finding-code, the calculated pressure
and the expected photosphere pressure are compared.
If the calculated pressure is smaller than expected, the
initial guess is updated to a larger value and starts the
whole process again, and if the calculated pressure is
larger, the initial guess is updated to a smaller value.
The initial guess of the density is finely adjusted until
the pressure reaches close enough to the expected photosphere pressure. Then, the code is terminated, and a
reasonable model of accretion disc with convection under consideration is obtained at a given R.

(20)
4. SUMMARY AND CONCLUSION

If T (z) ≈ Tef f (z), then the code stops stepping up z
values and compares if the pressure at that photosphere
is equal to the expected photosphere pressure,
Pph (Tef f , ρ) =

7

(21)

If the pressure at the photosphere does not match with
the expectation, then the initial guess of mid-plane density ρc is adjusted until it gives a consistent pressure at
the photosphere of the disc. For a given Tc , there must
exist a specific ρc that gives a photosphere pressure that
is within our expected range of pressure.(Kippenhahn
et al. 2012)

Figure 8. log T versus log P for various initial central densities under the following condition: M = M , log10 (R/cm) =
10, X = 0.73, Z = 0.02, and log Tc = 5.0.

As Figure 8 shows, for some relatively small initial
guesses of central density, the temperature stays large,

The goal is to make a general purpose numerical
model that describes the structure of accretion discs
of various type. As a first step, I started modeling
time-independent, optically thick accretion disc in radiative equilibrium. Vertically integrated simplified set
of equations is solved to generate numerical solutions.
By using up-to-date opacity data, the region in densitytemperature space generated thermal instability where
the opacity change is rapid. Thermal instability is where
an accretion disc has multiple equilibrium states between which a time-dependent disc cycles. Then after,
the disc was no longer assumed to be in radiative equilibrium, but rather it is assumed to be also subject to
convective heat transfer. Solutions of a set of nonlinear ordinary differential equations are obtained for this
case. It was found that for a given mid-plane temperature, only one specific mid-plane density is a reasonable
solution.
Some improvements can be made to the numerical
model describing accretion discs. First, in § 2.2 and
§ 3.2, it was mentioned briefly that the opacity tables
were interpolated linearly. However, using the linear
interpolation method in opacity would cause a discontinuity in the derivatives. Therefore, we can improve
the model by using the method that interpolates the
opacities, and between different opacity tables smoother.
Referring to Modules for Experiments in Stellar Astrophysics(MESA) where the opacities and different opacity tables are interpolated smoothly, could be suggested.
Also, OPAL’s equations of state do not cover a wide
range in density-temperature space. MESA uses various
sources for equations of state, and interpolate smoothly
between different data sources. Again, referring to
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MESA’s interpolation method and opacity data sources
would also suggest a way to expand the equations of
state coverage. Furthermore, a Fortran script that reads
and interpolates the equations of state table was tough
to read, so we had to write a Python code calling this
Fortran script in the command line and retrieving the
output. This process is very slow, so it would be best to
translate this Fortran file to Python script to enhance
the running speed. Final improvement can be made via
using more sophisticated methods of treating differential equation and integration in § 3. When solving the
equations, a simple Euler method was used for differentiation, and the trapezoidal integration method was
used for integration. However, this can be improved by
adopting a more precise method, such as the RungeKutta method.
Once the numerical model is improved, more complications could be added to the accretion discs: selfirradiation and time-dependence. In the very outer part
of a disc, if the height to radius ratio (H/R) is increasing
with radius R, the outer part of the disc can be heated
via irradiation from the hot inner part of the disc more
than by locally generated heat. To include this effect
in our models, we can start by referring to the methods used in Fukue (1992) and Dubus et al. (1999). Additionally, time-dependent accretion discs can also be
modeled, and this will allow detailed modeling of several observed transient phenomena. A completed timedependent code can be tested by reproducing the results
of some early papers such as Cannizzo (1993).
Ultimately, this numerical model will be used to explain observed phenomena such as outbursts in cataclysmic variables, active galaxies, and X-ray transients.
This code can be used to study the scaling with black
hole mass of unstable limit cycles in accretion. Application of this sort would lead to understanding the dif-

ference in masses between the black holes in Galactic
X-ray transients and those discovered by LIGO. In addition, this code could possibly suggest an alternative
model for some ”tidal disruption events” as outbursts
in very low-luminosity active galactic nuclei.
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APPENDIX
A. DETAILED EXPLANATION OF OPACITY CONTOUR PLOT
2 2

In Figure 1, Γc = Z e /akT where Z is ionic charge and a is the separation between ions. Therefore, if Γc > 1,
which is the region left of the dotted lines, the Coulomb effects are expected to be significant. When Γc > 170, which
is the region left of the dotted lines, the crystallization starts to happen.(Hansen & Kawaler 1994) Pgas > Prad is the
region left to the white solid line. H + line is the half-ionization line where the right part of the line is where Hydrogen
is ionized, and the left part is neutral.(Hansen & Kawaler 1994) Hmol , He+ , He++ lines have a similar trend to H + ’s.
Finally, e+ = e− line indicates when the number of positrons is equal to number of electrons in the matter. The
right part of the pink solid line is when the number of positrons exceed the number of electrons, so then quantum
electrodynamics should be introduced.
B. EXTRA ACTIVITIES

During this summer, I have participated in other activities aside from my main research project. I have attended
MESA Summer School, to learn how to use MESA for astrophysics research, and carried out an observation project.
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B.1. MESA Summer School
I have attended MESA(Modules for Experiments in Stellar Astrophysics) Summer School at UCSB from August
13th to August 17th(MESA). Not only have I learned how to use MESA codes for research in astrophysics, but also
I met professionals to whom I can ask about my ongoing summer research. I asked directly to Bill Paxton, who
writes and updates MESA codes, and other experts about making use of the hidden code in MESA to use smoothly
interpolated opacities and equations of state.

(a)

(b)

Figure 9. (a) A group picture of participants of MESA Summer School; (b) The certificate of completion of 2018 MESA
Summer School.

B.2. Observation at Palomar Observatory
Zhuyun Zhuang, another SURF student in astrophysics, and I proposed to observe with the Palomar 200-inch
telescope on August 8th, 2018. We searched for interesting sources from Zwicky Transient Facility (ZTF) data on
periodic variables. We proposed to take spectra of a source that showed ellipsoidal variations in the photometric light
curve, shown in Figure 10(a). This light curve tells us the source is a binary system. The source is bright in both
X-ray and UV emissions, as found on VizieR1 . It is thus very likely an accreting compact object. Also, even more
interesting is that its orbital period is 77.6 minutes, which is just above the period minimum of cataclysmic variables.
When our proposal for the first source was accepted, we were allocated 4 to 5 hours of the observing night. Since we
could observe our first target for only 2 hours, we planned to observe three other interesting transients, also showing
ellipsoidal variations as well, that have very short orbital periods in the later part of our night.
Unfortunately, due to the Holy Fire occurred on that day nearby, we were unable to observe any of our sources on our
allocated night. Instead, thanks to Kevin Burdge in ZTF group for sparing his observation time, we obtained spectral
data for two of our targets via remote observation. Double Spectrograph (DBSP) mounted on 200-inch telescope in
Palomar Observatory was used. Our primary target with orbital period of 77 minutes, spectra were taken for two 10
minute exposure times, and the other target with 32 minute orbital period, spectra were taken for 20 minute exposure
time. The obtained spectra is shown in Figure 10(b). The detection of X-ray nearby2 with the supporting spectra of
the broad hydrogen emission lines and narrow helium emission lines, suggest the possibility of an intermediate polar.
An intermediate polar is an accreting cataclysmic variables with a strong magnetic field, which looks like in Figure 11.
Due to this strong magnetic field, the accretion disc is truncated, and the matter falls onto the magnetic poles of the
central object by forming a trajectory following its strong magnetic field. There is only about 20 claimed intermediate
polars so far out of few thousand claimed cataclysmic variables. It would be very meaningful to contribute the list, if
it is proven to be an intermediate polar. However, in order to verify what this object is, we need the spectral data for
one full orbit. When we have the data, we could measure velocities and verify the orbital period, because the period
is just above the period minimum of cataclysmic variables. We could also conduct eclipse mapping on its accretion
1
2

http://vizier.u-strasbg.fr/viz-bin/VizieR-4
ROSAT and MORX(The Million Optical-Radio/X-ray Associations) X-ray detections
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Hyerin Cho

(a)

(b)

Figure 10. (a) A phase-folded light curve of the proposed X-ray and UV emitting target, which shows ellipsoidal variation.
The target has orbital period of 77.6 minutes; (b) Spectra of a target with an orbital period of about 77 minutes.

disc. Furthermore, if we look for evidence of spectral lines from the companion star in the red end of the spectrum
and if those lines can be identified, this would give the mass ratio of the two stars.

Figure 11. Schematic of an intermediate polar.

A target with 32 minute orbital period also had similar spectra. Its prominent hydrogen emission lines, double lined
H-α lines, and X-ray detection nearby suggests that the accretion is happening. The observation and analysis of both
sources are still in process, and we expect some fascinating science to come.
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